Abstract-In the design of simultaneous wireless information and power transfer (SWIPT) systems, it has been typically assumed that energy conversion efficiency is independent from the level of the input power at the energy receiver. On the other hand, in practice the energy conversion efficiency exhibits a nonlinear behavior and highly depends on the input power. This leads to a discrepancy between the practical energy harvesting (EH) hardware available and the resource allocation designs made for the SWIPT systems. This work is concerned with this issue. In particular, we propose a practical quadratic model for the power conversion efficiency in EH circuitry. Comparisons with the constant efficiency models used in conventional SWIPT system design as well as another non-linear model proposed in the literature are made. With its convexity properties together with the good match it provides for the measurement data from practical EH circuitry, the proposed model is shown to be a promising alternative to the existing EH approaches. Using the proposed model, the problem of resource allocation for a multiuser Orthogonal Frequency-Division Multiple Access (OFDMA) system is investigated. The performance improvement due to the usage of the proposed non-linear model is illustrated.
I. INTRODUCTION
Wireless power transfer through RF signals has recently received considerable attention as an attractive alternative for powering up wireless sensor networks. On the other hand, RF signals are already widely used for transmitting information, namely wireless information transfer. Accordingly, the promising idea of integrating these two tasks, referred as simultaneous wireless information and power transfer (SWIPT), has recently emerged [1] [2] [3] . In SWIPT systems, RF signals are used to transmit information to information receivers and power to energy receivers, simultaneously. SWIPT system design has been studied under various scenarios [1] [2] [3] [4] [5] [6] [7] , including broadcast channels [3] , relay channels [4] , interference channels [5] , [6] and orthogonal frequency division multiple access (OFDMA) systems [7] .
Works on SWIPT system design in communication community typically adopt energy harvesting models that assume ideal hardware. In this ideal hardware models, the average power harvested at the end of EH circuity is considered to be a linear function of the average input power to the device. Practical issues, such as the non-linear dependency of the energy harvested on the input power or the dependency on the input wave-form, is typically overlooked. On the other hand, these non-linear characteristics are of central importance in the design of practical EH circuitry [8] [9] [10] [11] .
Works that incorporate these practical hardware considerations in wireless power transfer system design have only recently started to emerge. Refs. [12] [13] [14] study waveform design for power transfer under practical models and show the superior performance of multi-sine waveforms compared to traditional communication waveforms. A non-linear model for power conversion efficiency in EH circuitry is proposed [15] and significant improvements on the system performance compared to the performance of the designs utilizing conventional linear models are illustrated [15] [16] [17] [18] . Nevertheless, from a system design point of view, the trade-offs between the ease of analysis and the performance degradation due to the usage of linear or non-linear models is not completely understood at the moment. Here, we address this challenge by focusing on the non-linear power conversion efficiency and proposing a practical model that provides a reasonable trade-off between tractability and accuracy.
In particular, the works that focus on hardware design for RF energy harvesting [8] [9] [10] [11] reveal that the efficiency of the conversion from the power that the ER receives and the power that can be stored by the ER is highly dependent on the input power. More specifically, the power conversion efficiency first increases as the input power increases until a certain value and then decreases as the input power further increases [8] [9] [10] [11] . Hence the power conversion efficiency is not constant and the relationship between the output power that can be stored and the input power is not linear.
In contrast to the above, a linear model is used in conventional SWIPT system design. An important exception is the work of [15] which proposes a non-linear model. Utilizing this model, Refs. [15] [16] [17] [18] show that usage of linear model may lead to significant performance loss. Thus having a suitable non-linear power conversion model is crucial for obtaining the optimum performance for the SWIPT systems.
In this work, we further explore this point and propose a quadratic function as an alternative non-linear model for power conversion efficiency. We compare our proposed model with the traditional linear model and the model of [15] . Similar to the logistic function model of [15] , the proposed quadratic model provides a good match with the measurement data. In contrast to the model of [15] , the proposed model is a concave function of the input power, which is a desirable property from the point of view of tractability. These findings suggest that the proposed quadratic model provides a reasonable trade-off between tractability from the point of view of analysis, and the accuracy from the point of view of modeling practical EH circuitry. Using the proposed model, we consider a resource allocation problem for a SWIPT OFDMA system. Our results illustrate the performance improvement that can be obtained by using the proposed model compared to the traditional linear models. In particular, although designs based on a linear model can overestimate the power that should be used at the transmitter or may fail to actually satisfy the EH constraints, the proposed model provides a reasonable compromise between these two objectives.
The rest of the paper is organized as follows. In Sec. II, the proposed non-linear EH model is presented and the comparisons with the typical linear model in the literature and the non-linear of [15] are provided. The power allocation problem for SWIPT under OFDMA is presented in Sec. III. In Sec. IV, the performance of the designs based on the proposed nonlinear model is illustrated. The paper is concluded in Sec. V.
II. PROPOSED ENERGY HARVESTING MODEL
Let y EH be the received signal at the energy receiver. The average power input to the energy receiver can be expressed as follows [3] [4] [5] [6] [7] :
Let the power that is extracted by the energy receiver be denoted by P out . We consider the following two alternatives to model the conversion process between P in and P out :
• The linear model with a constant power conversion efficiency ζ ≥ 0:
This is the model typically used in SWIPT system design [3] [4] [5] [6] [7] .
• Power conversion efficiency ζ is dependent on P in :
where (3) could be also expressed as
where g(.) is a non-linear function of P in .
The literature on the hardware design for RF energy harvesting reveal that the efficiency of the conversion between P in and P out highly depends on P in [8] [9] [10] [11] . Motivated by the measurement data in these works, we propose a 2 nd order polynomial model as the non-linear g(P in ) as follows:
where α 1 ∈ R, α 2 ∈ R, α 3 ∈ R are the parameters of the model. This model provides a generic relationship between the input and output power at the energy receiver accounting for various non-linearities such as possible saturation effects or current leakage and limitations. The values of the parameters depend on the actual antenna design and circuitry used by the EH device and can be determined by data fitting tools. An illustration of the proposed model together with the linear models is provided in Fig. 1 using data from [9] . Here the data from [9] provides sample points where P in and the corresponding P out is found using actual hardware designs [9] . The parameters α 1 , α 2 , α 3 ∈ R are determined using meansquare error based data fitting on the data from [9] . L20, L40 and L60 correspond to the linear model where ζ in (2) is chosen as 0.2, 0.4 and 0.6, respectively. We observe that the proposed model provides a good match for the data at hand compared to the linear models. RF energy harvesting hardware designs are typically optimized for a certain target input power range [8] [9] [10] [11] . As a result, the power conversion efficiency typically first increases as the input power increases up until a certain input power value, and then it decreases as the input power further increases beyond this certain power value [8] [9] [10] [11] . An illustration of this point is given in Fig. 1 . We note that in order to match such a characteristics with a quadratic g(.) function, one would typically have α 1 < 0. Hence g(P in ) becomes a concave function of P in . Such a non-linear model may provide possible ease of design in SWIPT system resource allocation problems compared to other possible non-linear models: In a typical SWIPT resource allocation problem, the energy harvested is either maximized or a lower bound on the energy harvested is provided. Maximizing a concave function is consistent with a convex optimization formulation [19] . Similarly, lower bounding a concave function corresponds to a convex constraint [19] . Hence such a g(.) function enables optimization formulations that are convex which may be solved using the available numerical tools for convex optimization tools such as SeDuMi, SDPT3 and CVX [20] [21] [22] or may be easier to provide analytic insight through, for instance, due to sufficiency of KarushKuhn-Tucker (KKT) conditions under constraint qualification [19] .
An important issue with any non-linear energy harvesting model that is found by data fitting is the range of input power values the model is valid. This issue stems from the fact that the measurement data is typically only available for a certain range of input power values. Although it is attractive to adopt a model that P out saturates after a certain P in , it is not clear whether this will be the case with practical hardware; see for instance Fig. 7 of [9] where the conversion efficiency shows a trend of rapidly decreasing with increasing power. This behavior is related to the fact that hardware designs are typically optimized for a certain input power range. Consistent with this fact, we note that the proposed model is only valid under a certain P in range which depends on the actual hardware used. We further discuss this point in Section III.
A. Comparison with the non-linear model from [15]
The possible non-linearity of the relationship between P out and P in is typically overlooked in SWIPT system design. An important exception is Ref. [15] which proposes a non-linear model g L (.) based on the logistic function:
where β 1 , β 2 , β 3 are the parameters of the model. These parameters are again determined using data fitting tools. We now present a visual comparison of the fits provided by the proposed model and the model of [15] . The fit provided by these models using the data in [9] and [10] are shown in Fig. 2 and Fig. 3 , respectively. At each case, the model parameters are found using the respective data set and mean-square error based data fitting. We observe that both the proposed model and the model of [15] provide a good match for the data in all cases. We now investigate the goodness of the fit of these models using statistical measures; root-sum-of-squares error (RSSE) and the coefficient of determination, i.e. R-squared value (R 2 ) [23] . Let n be the number of data points we have from the measurements. Let P i be the output power value at sample point i. LetP be the value predicted by the model. Let P be the average of the samples, i.e. P = 
Hence R 2 is defined as
. R 2 takes values between 0 and 1, with a value closer to 1 indicating that a greater proportion of variance in the data set is accounted for by the model.
The RSSE and R 2 values are reported in Table I for measurement data sets in [9] [10] [11] . We observe that both models provide similar values for both measures. The values of RSSE for the proposed model are slightly larger than the model of [15] . For R 2 the values for both models provides values that are very close. We note that R 2 is a ratio and thus less dependent on the specific values of data. These results together with the visual inspection provided by Fig. 2 and Fig. 3 show that the proposed model provides a promising alternative in terms of representing the non-linear relationship between the input and output power.
The logistic function model of [15] in (6)- (8) is, in general, not a concave function of P in [15] . Hence, for instance, maximizing the energy harvested under this model does not directly correspond to a convex optimization formulation. Hence the readily available numerical tools for convex optimization algorithms cannot be directly used and the applicability of some of the analytical tools, such as the sufficiency of the KKT conditions, should be further investigated. Although promising solutions with this non-convex model have been provided in [15] , it is of interest to investigate viable alternatives. With its convexity properties together with the good match it provides for the practical measurement data, the proposed model in this work provides such a promising alternative.
III. SWIPT IN OFDMA SYSTEMS
We now illustrate the performance gain that could be obtained by utilizing the proposed non-linear model in SWIPT system design. We consider a single cell OFDMA downlink system where one base station serves N mobile users [7] .
The spectrum is divided into N equal sub-channels. Each mobile is assigned one sub-channel. The effective channel gain at sub-channel i after beamforming is denoted by h i > 0, i = 1, . . . N. The signal transmitted by the base station at sub-channel i has the power of Q i , i = 1, . . . , N. The noise in sub-channel i is denoted by σ 2 i . Hence the receiver signalto-noise ratio for the sub-stream i can be written as follows [7] 
The average input power for the receiver tuned to the substream i can be expressed as follows
Each mobile user either extracts power or information from the received signal based on whether it acts as an information receiver or energy receiver. Let S = {1, . . . , N} denote the set of indices. Let S E ⊆ S and S I ⊆ S, denote the set of indices of users that extracts information and energy, respectively where S E ∩ S I = ∅. We consider the following problem that minimizes the transmission power under throughput and harvested energy constraints:
These type of resource allocation problems in OFDMA systems have been considered before under a linear energy harvesting model, see for instance [7] . We consider the problem under the proposed non-linear EH model.
Here (11d) is imposed due to the range of validity of the proposed EH model. We note that imposing (11d) is equivalent to considering a model that provides a saturation after P U in value (i.e. P out remains constant at the value g(P U in ) for P in ≥ P U in ). This is due to the fact that under a model with such a saturation property, there is no benefit of increasing the input power values P i in from the perspective of energy harvesting constraints whereas the objective function deteriorates with increasing P i in , since this requires increasing Q i . Hence under such a model optimal Q i are such that P i in ≤ P U in , i ∈ S E are satisfied. Similarly, imposing (11e) is equivalent to considering an EH model that provides 0 output power for input power values smaller than P L in . We observe that g(.) is a concave function with α 1 ≤ 0. As discussed in Sec. II, models with α 1 ≤ 0 provide good match for energy harvesting measurements in the literature. Hence we assume that α 1 ≤ 0. Hence, (11c) bounds a concave function from below; which is equivalent to bounding a convex function from above. Hence, (11c) forms a convex constraint. Similarly, (11b) forms a convex constraint. Here (11e), (11d) and (11f) form linear, hence convex constraints. Hence, (11) constitutes a convex optimization problem. Therefore, given that Slater's condition is satisfied, KKT conditions are necessary and sufficient for optimality [19] . In particular, Lagrangian can be written as follows:
Hence together with the feasibility conditions, the KKT conditions can be expressed as follows:
where is the indicator function andh i = h i /σ 2 i . For i ∈ S I , the solution can be expressed as
where x + . = max(0, x). We observe that as the effective channel power increases, Q i increases. Due to the separability of the problem, this optimal solution for the information users is in the same general form with the optimal solution of the transmit power minimization problem under only throughput constraints. We now turn our attention to EH constraints. For i ∈ S E , the solution can be expressed as
where we have used α 1 ≤ 0. We note that due to the general trend of the RF energy harvesting measurement data, such as illustrated in Fig. 2 , g(P in ) = 0 will typically have one root that is close to 0 and one positive root with larger absolute value, hence α 2 > 0. We also note that we typically have g(0) ≤ 0, since it is likely that energy cannot be harvested until the input power exceeds a threshold, hence we have α 3 ≤ 0.
Let us now consider the case with equal effective channel signal-to-noise ratior on all sub-channels under these assumptions:
If the following solution is feasible, then it forms an optimal solution:
where n I and n E is the cardinality of the set S I and S E , respectively.
Proof: Let us consider an optimal solution Q * i . Let us have i∈SI Q * i = P I and i∈SE Q * i = P E . We observe that under the given channel assumptions, (11b) is in the form of sum of identical concave functions. Hence it is Schur-concave and Q i = P I /n I maximizes (11b) under a constraint i∈SI Q i = P I [24, Ch.3] . Hence there exists an optimal solution for (11) with Q i = P I /n I equal for i ∈ S I [24, Ch.3] . The same arguments hold for (11c) with the constraint i∈SE Q * i = P E . Such solutions are guaranteed to satisfy (11e)-(11d) due to the feasibility assumption. The expressions (20) and (22) follow from the uniformity of Q i over S I and S E , respectively. For (22) we have used the smaller root of the following second order equation
IV. NUMERICAL RESULTS
We now compare the performance of the designs made using the proposed model with the designs made using the typical linear EH model used in SWIPT system design. We consider the following power transmission model which relates the power at the transmitter P T to the received input power at the receiver [7] , [25] :
where λ is the wavelength, d is the transmission distance, A t and A r are the total apertures of the transmit and receive antenna arrays, respectively and Z is a complex proper Gaussian random variable with non-zero mean. Let N = 4,
We assume the hardware design of [9] is used. According to the measurement data, we set P L in = 10 −3 µW and P U in = 3200µW. We impose these constraints in all models to have a fair comparison. We also impose the constraint i Q i ≤ 100mW to be consistent with the possible safety and hardware limitations at the transmitter. To plot the actual output power, we utilize a model that uses sinusoidal functions as the basis functions. This model is an overfit to the measurement data and matches the data very closely; but it is difficult to track analytically. We report average over 100 channel realizations with i.i.d. channel coefficients according to (23) . Only the average over feasible scenarios are shown. To compare the results, we also present the performance when (11) is solved using the linear models L20, L40 and L60 of Sec. II. The optimization problems are solved using [20] [21] [22] .
The transmitter power and the actual power output at the EH receiver for varying EH constraints is shown in Fig. 4 and Fig. 5 , respectively. At the the transmitter side, the proposed power for L20 and L40 are higher than the design based on the proposed model, only the transmit power for L60 is under the transmit power of the proposed model. At the energy receiver side, even though L20 and L40 are able to satisfy the EH constraint, the actual power output is high compared to the EH constraint and this situation can be interpreted as waste of power sources. On the other hand, L60 can not always meet the EH requirements since it is over-optimistic about the power conversion efficiency of the receiver. Hence, we observe that the proposed model provides a reasonable compromise between minimizing transmitter power and satisfying the EH constraints.
V. CONCLUSIONS
We have proposed a quadratic function as a practical RF energy harvesting efficiency model as an alternative to linear models traditionally used SWIPT system design. Comparisons between the proposed non-linear model and the linear model as well as comparisons with another non-linear model from the literature are presented. The proposed model is shown to be a good match for the measurement data obtained from practical EH circuity whereas linear models provide considerably poorer match. An attractive property of the proposed model is its convexity properties with respect to input power, which enables ease of analysis and facilitates direct utilization of numerical optimization methods for convex optimization.
Using the proposed model, we have considered a resource allocation problem for a SWIPT OFDMA system. Our results illustrated the importance of using the proposed model compared to typical linear models in the literature. A promising line of future research is the study of the effect of non-linear EH conversion process in other SWIPT systems. Investigation of the proposed model together with the circuit component models and modeling of other non-linearities in energy harvesting process are also considered as future work.
